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Discriminants and their discrete and q-analogs are usually studied in the
q-analysis theory. In this paper we propose a uniﬁed realization of discriminants
using vertex operators coming from inﬁnite dimensional Lie algebras and their
quantum deformations as well as Yangian deformations. In this picture all of them
appear as matrix coefﬁcients of certain products of vertex operators according to
respective cases.  2001 Elsevier Science
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1. INTRODUCTION
The discriminant of a polynomial fn of degree n, with zeros x1 x2     xn,
f x = γ
n∏
j=1
x− xj(1.1)
is deﬁned by
Df  = γ2n−2 ∏
1≤j<k≤n
xj − xk2(1.2)
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In a typical potential problem with external potential v, the objective is to
determine the equilibrium positions ξ1     ξn of n unit charged particles
by minimizing the total energy
Enx1     xn =
n∑
j=1
vxj − 2
∑
1≤i<j≤n
ln xi − xj(1.3)
over the domain where the charges are restricted. The ﬁrst term on the
right-hand side of (1.3) is the contribution of the external ﬁeld, while
the second term accounts for the interaction among the particles. The
solution of this extremal problem is usually achieved by transforming
the nonlinear system of equations gradEn = 0 to a differential equation
in f x = ∏nj=1x − xj. Thus determining the xj ’s reduces to deter-
mining the polynomial f whose zeros are the equilibrium positions of
the interacting particles. One component of the energy at equilibrium is
−2∑1≤i<j≤n ln ξi − ξj, which is − lnDf .
This motivated Stieltjes [17, 18] and Hilbert [10] to compute the
discriminants of the classical orthogonal polynomials of Jacobi, Hermite,
and Laguerre where the external ﬁelds are − ln1 − xα+11 + xβ+1,
x2, and x − α + 1 ln x, respectively. For details of the evaluations of
discriminants and the electrostatic problem the reader may consult Szego˝’s
book [19] or the recent treatise [1] by Andrews et al.
Inspired by the work of Stieltjes and Hilbert, Ismail [12] gave an ex-
plicit form for the discriminant of a sequence of polynomials orthogonal
with respect to a weight function in terms of the coefﬁcients in the re-
currence relation satisﬁed by the orthogonal polynomials. In [13] he
used the recently derived differential equations for general polynomials
orthogonal with respect to a weight function, see for example [4], and used
his discriminant formula to give an electrostatic interpretation of the zeros
of an orthogonal polynomial of degree n as the equilibrium position of n
unit charged particles in an electrostatic ﬁeld which depends on the weight
function and on the orthogonal polynomials. The next step is to consider
q-deformations of these results. The ﬁrst step was taken in [14] where it
was shown that general polynomials orthogonal on the union of at most
two geometric sequences 	aqn bqn  n = 0 1   
 with 0 < q < 1 satisfy
linear second order q-difference equations, that is second order equations
involving the q-difference operator
Dqf x =
f x − f qx
x− qx 
In [14] it was also shown that the appropriate discriminant in this
q-deformed case is
Df q =γ2n−2qnn−1/2 ∏
1≤i<j≤n
(
q−1/2xi−q1/2xj
)(
q1/2xi−q−1/2xj
)
(1.4)
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with f as in (1.1). In other words
Df  q = γ2n−2qnn−1/2 ∏
1≤i<j≤n
[
x2i + x2j − xixjq+ q−1
]
(1.5)
Let T be a linear operator whose domain contains all polynomials and
assume that the action of T reduces the degree of a polynomial by 1. In
[14] a generalized discriminant Df T  was deﬁned as
Df T  = −1nn−1/2γn−2
n∏
j=1
Tf xj(1.6)
and f is as in (1.1). When T = Dq, Df T  reduces to Df  q. On the
other hand when T = ,
f x = f x+  − f x(1.7)
then
Df  = γ2n−2
∏
i<j
xi − xj − xi − xj + (1.8)
We shall refer to the discriminant Df  as the discrete discriminant.
For example when f x = Ax2 + Bx+ c, the discrete discriminant is B2 −
4AC − 2A2 and the q-discriminant Df  q is qB2 − 1 + q2AC, while
the discriminant associated with the Askey–Wilson operator q [1, 12], is
q−1/21+ q−√qB2 − q−11+ q2AC, [12].
The goal of this paper is to give a systematic realization of the
Vandermonde determinant, the discriminant, and the discrete and
q-discriminant and propose their elliptic generalization. This is done
through the use of the recently developed theory of vertex operator
representations of afﬁne Lie algebras, Yangians, quantum afﬁne algebras,
and elliptic quantum afﬁne algebras. The elliptic analog of the quantum
discriminant has a very interesting special polynomial specialization, which
is nicely explained in terms of discriminants and their q-analogues and
possibly through an electrostatic model.
We believe we have succeeded in explaining the source of these
discriminants. Two points remain open. The ﬁrst is to ﬁnd a vertex type
operator theory to interpret the general discriminant in (1.6) or at least
to explain when T is the Askey–Wilson operator [14]. We conjecture that
the discriminant corresponding to the Askey–Wilson operator should come
from the vertex operators associated with the elliptic quantum groups. The
second is to explain why when we take the xi’s in (1.2), (1.4), or (1.8) to be
zeros of orthogonal polynomials then the right-hand sides of the respective
equations simplify and can be found in closed form; see [1, 12, 14, 19]. It
seems that this latter question is related to solutions of the Yang–Baxter
equation associated with the quantum afﬁne algebra.
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2. INFINITE DIMENSIONAL LIE ALGEBRAS
We ﬁrst discuss the simplest case of KP hierarchy. Let A be the inﬁnite-
dimensional Clifford algebra generated by operators φn and φ∗n with the
relations:
φmφn +φnφm = 0(2.1)
φ∗mφ
∗
n +φ∗nφ∗m = 0(2.2)
φmφ
∗
n +φ∗nφm = δmn(2.3)
where δmn is the Kronecker delta.
The algebra has a canonical left representation V described as follows.
Let vac be the cyclic vector such that
φmvac = 0 m > 0(2.4)
φ∗mvac = 0 m ≤ 0(2.5)
Then the left representation space is spanned by
φ∗m1+1φ
∗
m2+1 · · ·φ∗ml+1φ−n1φ−n2 · · ·φ−nk vac
where the multi-indices m and n run through tuples of non-negative
integers. By taking the dual representation, or equivalently considering the
canonical right representation, we set
vacφm = 0 m < 0(2.6)
vacφ∗m = 0 m ≥ 0(2.7)
and then
V ∗=⊕m1mkn1nlvacφ∗−m1−1φ∗−m2−1 ···φ∗−ml−1φ−n1φ−n2 ···φ−nk (2.8)
The bimodule structure gives rise to a natural pairing between V and V ∗:
V ∗ × V −→ C. This pairing is realized through
uv = vacuvvac vac1vac = 1
Consider the generating functions:
φx =∑
n
φnx
−n
φ∗x =∑
n
φ∗nx
n
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In this case the matrix coefﬁcients are given by:
ϕx1 · · ·ϕxn = ϕ∗x1 · · ·ϕ∗xn =
∏
1≤i<j≤n
xi − xj(2.9)
Let  be the inﬁnite dimensional Lie algebra ŝl2. The generators
are en fn hn and the central element c obey the following commutation
relations:
hmen − enhm = 2em+n(2.10)
hmfn − fnhm = −2fm+n(2.11)
emfn − fnem = hm+n + δm−nc(2.12)
hmhn − hnhm = 2mδm−nc(2.13)
Let ex f x, and hx be the generating functions of 	en
, 	fn
, and
	hn
, respectively. The inﬁnite dimensional Lie algebra ŝl2 has a vertex
representation realization on the space
V = Sˆ− ⊗ 
√
2
where Sˆ− is the symmetric algebra generated by h−1 h−2 h−3     and
the group algebra √2 is generated by enh, n ∈  and h h = 2.
The expectation value    V ∗ × V −→  is deﬁned in a fashion similar
to what we have done earlier. Then we have
ex1ex2 · · · exn =
∏
1≤i<j≤n
xi − xj2(2.14)
The expectation values can be uniformly obtained as matrix coefﬁcients
of vertex operators. Let  be the Heisenberg algebra generated by the
central element c and the elements hn, for nonzero integers n with the
relation
hm hn = 2mδm−nc(2.15)
The vertex operators associated with the Heisenberg algebra are certain
exponential operators acting on V .
We now introduce two special operators eh and z∂ on √2:
ehenh = en+1h(2.16)
z∂enh = z2nenh(2.17)
The vertex operator we need is
Y x = exp
(∑
n≥1
1
n
h−nx
n
)
exp
(
−∑
n≥1
2
∂
∂h−n
x−n
)
ehz∂ = ∑
n≥0
Ynx
−n
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Then the vertex operator Y x realizes the operator ex deﬁned earlier.
We have
Y x1 · · ·Y xn =
∏
i<j
xi − xj2
which can also be directly computed using vertex operator calculus [9].
These types of vertex operators are special cases of the more general theory
of the vertex algebra in Borcherds’ work [2]. This more general theory is an
algebraic conformal ﬁeld theory with a very rich structure and numerous
applications (see [9]).
3. TRIGONOMETRIC QUANTUM CASE
The vertex operator representations of the quantum afﬁne algebras were
discovered by Frenkel and Jing [8]. The Heisenberg algebra used there is
the inﬁnite dimensional algebra generated by hm and the central element
c subject to the following relation
hm hn = δm−n
2m
m
mc m n ∈ 
where the basic numbers are deﬁned by n = qn − q−n/q− q−1.
The quantum afﬁne algebra Uqŝl2 is an associative algebra generated
by the components of the following series:
x±z = ∑
n∈
x±n z
−n(3.1)
φz = exp
(
q−1 − q ∑
m>0
a−mz
m
)
= ∑
n≥0
φ−nz
n−1(3.2)
ψz = exp
(
q− q−1 ∑
m>0
amz
−m
)
= ∑
n≥0
ψnz
−n(3.3)
The deﬁning relations are
φz ψw = φz ψw = 0(3.4)
φzψw = ψwφzg
(
z
w
q−c
)/
g
(
z
w
qc
)
(3.5)
φzx±wφz−1 = x±wgq∓c/2z/w±1(3.6)
ψzx±wψz−1 = x±wgq∓c/2w/z±1(3.7)
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x+z x−w = 1
q− q−1
(
ψq−c/2zδ
(
w
z
qc
)
(3.8)
− φzqc/2δ
(
w
z
q−c
))

z − q∓2wx±zx±w = q∓2z −wx±wx±z(3.9)
where the delta function and the function g are deﬁned through
δx = ∑
n∈
xn and gz = q
2z − 1
z − q2 
respectively.
For our purpose we introduce the following modiﬁed vertex operators
E±x = exp
(
±
∞∑
n=1
1
n
h−nx
n
)
(3.10)
× exp
(
∓
∞∑
n=1
qn + q−n ∂
∂h−n
x−n
)
e±hq1/2x±∂
= ∑
n∈+
E±n z
−n−1(3.11)
We record the basic information about the two-point functions:
E±x1E±x2=q
(
q−1/2x1−q1/2x2
)(
q1/2x1−q−1/2x2
)
(3.12)
E+x1E−x2=q−1
(
q−1/2x1−q1/2x2
)−1(
q1/2x1−q−1/2x2
)−1
(3.13)
In general we have
E±x1···E±xn=q
nn−1
2
∏
i<j
(
q−1/2xi−q1/2xj
)(
q1/2xi−q−1/2xj
)
(3.14)
This gives rise to a vertex realization of the q-discriminant of (1.4) and (1.5).
Next observe that the product on the right-hand side of (1.5) is symmetric
in q and q−1. Thus E±x1 · · ·E±xn are the q-discriminants Df  q±1
(see (1.4)), with f as in (1.1) and γ = 1.
4. DISCRETE CASE
The quantum afﬁne algebra has a degenerate algebra called the central
extension of the Yangian [11]. The corresponding vertex operator represen-
tation has a similar application. Here for simplicity we modify the vertex
operator in the following way.
discriminants and vertex operators 489
Let  be a complex number and consider the vertex operators
E±x=exp
(
±
∞∑
n=1
1
n
h−nx
n
)
(4.1)
×exp
(
∓
∞∑
n=1
∂
∂h−n
	x+−n+x−−n

)
e±hx±∂
= ∑
n∈+
E±n z
−n(4.2)
It immediately follows that
E±x1E±x2 = x1 − x2 − x1 − x2 + (4.3)
E+x1E−x2 = x1 − x2 − −1x1 − x2 + −1(4.4)
In general we have
E±x1 · · ·E±xn =
∏
1≤i<j≤n
xi − xj − xi − xj + (4.5)
The expression on the right-hand side of (4.5) is precisely the discrete
discriminant deﬁned in (1.8).
5. ELLIPTIC QUANTUM CASE
The quantum afﬁne algebra has a further one-parameter deformation
called the elliptic quantum afﬁne algebra. The elliptic quantum afﬁne alge-
bra Uqpŝl2 (cf. [5]) is the associate algebra generated by x±n φ−n ψn and
the central element c subject to the relations (3.4)–(3.9) with the function
gz given by the Jacobi theta function θz:
gz = θpq
2z
θpq−2z
(5.1)
θz = pp∞zp∞pz−1p∞(5.2)
Note that the algebra Uqŝl2 is the special case of Uqpŝl2 at p = 0.
The vertex representation of the elliptic algebra at c = q is built on the
Heisenberg algebra generated by two commuting sets of generators an and
bn (n ∈ Z×) with the relations:
ak al = −bk bl = δk−l
2kk
k1− pkc(5.3)
ak bl = 0(5.4)
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Let the vertex operators be
E±x = exp
(
±
∞∑
n=1
q∓n/2a−n − pq±1n/2b−n
n
xn
)
(5.5)
× exp
(
∓
∞∑
n=1
qn + q−n
1− pn
(
q∓n/2
∂
∂a−n
+pq±1n/2 ∂
∂b−n
)
x−n
)
e±hx±∂
= ∑
n∈+
E±n x
−n−1
It immediately follows that
E±x1E±x2 =
x2/x1p∞q∓2x2/x1p∞x21
px2/x1p∞q±2px2/x1p∞
(5.6)
In general we have the quantum elliptic discriminant formula
E±x1 · · ·E±xn = x2n−11 x2n−22 · · ·x2n−1(5.7)
× ∏
1≤i<j≤n
xj/xip∞q∓2xj/xip∞
pxj/xip∞q±2pxj/xip∞

In particular, when q = p±k we obtain the polynomial elliptic quantum
discriminant
E±x1 · · ·E±xn = xn−11 xn−22 · · ·xn−1−4k(5.8)
× ∏
1≤i<j≤n
2k∏
s=0
xi − p2k−sxjxi − p−2k+sxj
It is clear from (5.8) that
E±x1 · · ·E±xn =
[∏
x
n−j
j
]−4k
Df 
2k−1∏
s=0
Df  q2k−s(5.9)
for f as in (1.1) with γ = 1.
In the above we only considered correlation functions on level one
representations. Using the Drinfeld coproduct one can compute the corre-
lation functions on higher level representations. It is proved in [6, 7] that on
every integrable representation (any positive level) of Uqŝl2 the corre-
lation function E±x1 · · ·E±xn has zeros at xi+1/xi = q∓1 and has poles
at most at xi+1/xi = q±1. On the other hand in [3] it was noted that the
correlation functions (5.8) have the same form as the Drinfeld polynomials
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associated with the ﬁnite dimensional representations of Uqŝl2 and the
latter was crucial to construct Yang–Baxter R-matrices for the quantum
afﬁne algebra Uqŝl2.
The electrostatic interpretation of objects like the right-hand side of (5.9)
is a system of 2k types of particles where each type has n particles. The
types are labeled 0 1     2k, and particles interact only with their own
type. The potential of the interaction among the particles of type 2k is
logarithmic while the interaction among the particles of the other types is
logarithmic with some scaling among the distances. The scaling in type s
is by q2k−s, 0 ≤ s < 2k.
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